The split property expresses the way in which local regions of spacetime define subsystems of a quantum field theory. It is known to hold for general theories in Minkowski space under the hypothesis of nuclearity. Here, the split property is discussed for general locally covariant quantum field theories in arbitrary globally hyperbolic curved spacetimes, using a spacetime deformation argument to transport the split property from one spacetime to another. It is also shown how states obeying both the split and (partial) Reeh-Schlieder properties can be constructed, providing standard split inclusions of certain local von Neumann algebras. Sufficient conditions are given for the theory to admit such states in ultrastatic spacetimes, from which the general case follows. A number of consequences are described, including the existence of local generators for global gauge transformations, and the classification of certain local von Neumann algebras.
Introduction
In relativistic physics, one expects that spacelike separated local spacetime regions should constitute independent subsystems. The simplest expression of this in quantum field theory (QFT) is Einstein causality, which requires that observables localized in spacelike separated regions commute and are therefore commensurable. Algebraic quantum field theory [23] offers various strengthened criteria for statistical independence of observables at spacelike separation (see [31, 32] for reviews) of which the split property has turned out to be particularly deep and fruitful. For the most part the split property has been studied in Minkowski space, while in curved spacetime results have related to particular linear field theories [34, 15] . In this paper we establish the split property in general globally hyperbolic spacetimes, within the framework of locally covariant QFT [8] and subject to additional conditions described below.
To set the scene, we briefly recall the definition of the split property in Minkowski space. In the algebraic framework [23] one considers a net of C * -algebras A(O) indexed by open bounded regions of Minkowski space. These algebras share a common unit, and (among other axioms) are isotonous, i.e., O 1 ⊂ O 2 implies that A(O 1 ) ⊂ A(O 2 ). Let ω be a state on the C * -algebra A generated by all the A(O), thereby inducing a GNS representation π of A on Hilbert space H with GNS vector Ω. In this representation we may form local von Neumann algebras by taking double commutants, R
(O) = π(A(O))
′′ . Clearly, whenever O 1 ⊂ O 2 , there is an inclusion R(O 1 ) ⊂ R(O 2 ) of von Neumann algebras; following [17] , the inclusion is said to split if there is a type I von Neumann factor N such that R(O 1 ) ⊂ N ⊂ R(O 2 ). That is, N has trivial centre, and is isomorphic as a von Neumann algebra to the algebra of all bounded operators on some (not necessarily separable) Hilbert space [6, Prop. 2.7.19] . The state ω is said to have the split property if such inclusions split for all O 1 , O 2 .
The relationship with statistical independence arises as follows. Suppose the net of local algebras obeys Einstein causality, so that algebras of causally disjoint regions commute elementwise. If O 1 and O 3 are causally disjoint and a region O 2 exists so that the inclusion R(O 1 ) ⊂ N ⊂ R(O 2 ) is split, then R(O 1 ) and R(O 3 ) enjoy a high degree of statistical independence: the algebra they generate is isomorphic to their W * -tensor product, and thus any normal states ϕ 1 and ϕ 3 on R(O 1 ) and R(O 3 ) can be extended to a normal product state ϕ obeying ϕ(A 1 A 3 ) = ϕ 1 (A 1 )ϕ 3 (A 3 ) for A i ∈ R(O i ) (i = 1, 3).
Originally conjectured by Borchers, the split property was first proved for free fields by Buchholz [9] . Subsequently, it was established for general models [10] under suitable hypotheses of nuclearity, which controls the growth of the localized state space with energy. As the nuclearity criterion is closely linked to the thermodynamic properties of the theory [14, 12] , it is expected to hold for many theories of physical interest. In particular, it is satisfied by free fields and even for countably many free fields provided that the spectrum of masses obeys suitable conditions [14] .
Our approach to the split property in curved spacetimes is similar in spirit to Sanders' work on the Reeh-Schlieder property [29] : the existence of a state with the desired properties on the given spacetime is deduced by deforming to a spacetime on which such a state is known (or assumed) to exist. (In the Reeh-Schlieder case, the states obtained are not generally cyclic for all local algebras, and so what is proved is a partial Reeh-Schlieder property.) Indeed, for linear fields, related arguments appear in [33] and are also used in the proof of the split property [34, 15] . In these cases, the existence of states with the Reeh-Schlieder or split property was proved for ultrastatic spacetimes and used to deduce similar results in more general spacetimes. A novelty of our specific approach is that we rephrase the deformation arguments for the split and partial Reeh-Schlieder properties into a common language, allowing streamlined proofs running in close analogy. Indeed, we will give a combined result on states obeying both the split and partial Reeh-Schlieder properties, thus yielding standard split inclusions [17] .
The paper is structured as follows: in section 2 we describe the relevant geometrical background, in particular introducing the concept of a regular Cauchy pair, and also recall the main ideas needed from locally covariant QFT [8] . Section 3 contains our main results. In the Reeh-Schlieder case, this reproduces results from [29] ; the interest here is that the proof runs in close analogy to that of the split property, and that the split and ReehSchlieder properties can hold simultaneously. Section 4 describes sufficient conditions for the existence of states with the Reeh-Schlieder and split properties in connected ultrastatic spacetimes. As every connected spacetime in our category can be deformed to such a spacetime, this establishes conditions for our results to hold in generality. Nonetheless, our deformation arguments hold even for disconnected spacetimes and we given an example of a state over a disconnected spacetime with the (full) Reeh-Schlieder property. By way of outlook, a number of applications of the split property are described in Section 3. These include the statistical independence at spacelike separation, the existence of local generators of global gauge transformations (established in the Minkowski space case in [16] ) and the idenfitication of local algebras as the unique hyperfinite type III 1 factor, up to a tensor product with an abelian algebra. However there are numerous additional directions that can be explored, and in general the split property brings a much more detailed set of tools to bear on the general analysis of QFT in curved spacetimes than has so far been available.
Preliminaries

The category Loc and spacetime deformation
Locally covariant quantum field theory [8] describes QFT on a category of globally hyperbolic spacetimes Loc. Fixing a spacetime dimension n ≥ 2, objects of Loc are quadruples M = (M, g, o, t) where M is a smooth paracompact orientable nonempty n-manifold with finitely many connected components, g is a smooth time-orientable metric of signature + − · · · − on M, o and t are choices of orientation and time-orientation respectively, 1 so that the spacetime M is globally hyperbolic. That is, M has no closed causal curves and the intersections J
of the causal future of p with the causal past of q is compact (including the possibility of being empty) for any pair of points p, q ∈ M. A morphism between two objects M = (M, g, o, t) and
and has a causally convex image. If the image contains a Cauchy surface of N , ψ will be described as a Cauchy morphism.
We will often consider open causally convex subsets of M with finitely many mutually causally disjoint components; the set of all such sets will be denoted O(M ). Suppose M = (M, g, o, t) ∈ Loc, and that
O regarded as a spacetime in its own right with the induced metric and causal structures from M , is an object of Loc, and the inclusion map O ֒→ M induces a morphism ι M ;O :
There is a useful canonical form for objects of Loc. Objects of the form (R×Σ, g, t∧w, t) where (a) (Σ, w) is an oriented (n − 1)-manifold, (b) ∂/∂t is future-directed according to t, where t is the coordinate corresponding to the first factor of the Cartesian product R × Σ, and (c) the metric splits as
where β ∈ C ∞ (R × Σ) is strictly positive and t → h t is a smooth choice of (smooth) Riemannian metrics on Σ, are said to be in standard form. Every leaf {t} × Σ is a smooth spacelike Cauchy surface of the spacetime. The structure theorem for Loc Methods for deforming one globally hyperbolic spacetime into another go back to the work of Fulling, Narcowich and Wald [21] , in which the existence of Hadamard states on ultrastatic spacetimes was used to deduce their existence on general globally hyperbolic spacetimes. As first recognized in [36] , the same idea can be used to great effect in locally covariant QFT. The fundamental spacetime deformation result can be formulated as follows (see [19, Prop. 2.4] 
Proof. For later use, we sketch some details needed in the forward implication; see [19, Prop. 2.4] for the full proof. Assume without loss that M and N are in standard form with M = (R × Σ, g 1 , o, t 1 ) and N = (R × Σ, g 2 , o, t 2 ), where o = t 1 ∧ w = t 2 ∧ w for some orientation w of Σ. Given any reals t 1 < t
, one may construct a metric g of the form (1), so that
The idea for constructing such a metric is described in [21] ; the argument is simplified and given in more detail in [19, Prop. 2.4] . Choosing t so that ∂/∂t is future-directed, the spacetime I := (R × Σ, g, o, t) is globally hyperbolic, because every inextendible g-timelike
curve intersects each surface of constant t precisely once. In addition, we set P := M | P and F := N | F , whereupon the inclusions of F and P into R × Σ induce the required Cauchy morphisms in (2).
Regular Cauchy pairs
We will be interested in some particular subsets of Cauchy surfaces defined as follows. Two properties of regular Cauchy pairs will be needed.
Lemma 2.4. Let ψ : M → N be a Cauchy morphism. Then a pair of subsets (S, T ) of M is a regular Cauchy pair if and only if (ψ(S), ψ(T )) is a regular Cauchy pair for N .
Proof. This holds because the image of a Cauchy surface under a Cauchy morphism is again a Cauchy surface [19, Lem. A.2] , and similar arguments show that the same is true for pre-images. Proof. It is clearly enough to treat the case t = 0, t ′ > 0, and we abuse notation by regarding S and T as subsets of Σ. We assume without loss that Σ is connected (in the general case, the following construction is repeated for each component).
For each τ ∈ R, the optical metric [22] is defined by k τ = β −1 h τ , thus forming a smoothly varying family of smooth Riemannian metrics on Σ. We will regard Σ as a metric space with respect to the k 0 -metric. Choose any δ > 0 such that (a) S contains a closed ball of radius 2δ about some p ∈ S, (b) T contains the closed 3δ-ball about S and (c) there exists a point q ∈ Σ \ T of distance at least 2δ from T , and the open δ-ball about T is relatively compact, 3 and necessarily has nonempty exterior. Then define S inner to be the open δ-ball about p, S outer to be the open δ-ball about S, T inner to be the open δ-ball about S outer , and T outer to be the open δ-ball about T . As T outer is relatively compact, there is a constant
, where σ is smooth and obeys
and hence σ(τ * ) ∈ T outer , a contradiction. By similar reasoning, dist(σ(0),
as required.
Remark 2.6. It follows immediately that, if finitely many regular Cauchy pairs (S j , T j ) (1 ≤ j ≤ N) are specified in the Cauchy surface {t}×Σ, then every Cauchy surface {t ′ }×Σ with t ′ sufficiently close to t contains, for each j, a regular Cauchy pair preceding (S j , T j ) and one that is preceded by it.
Locally covariant quantum field theory
The basic premise of locally covariant QFT [8] is that a theory is given by a functor A : Loc → C * -Alg, where C * -Alg is the category of unital * -algebras and injective unitpreserving * -homomorphisms. 4 This means that each spacetime M corresponds to a C * -algebra A(M ), and that every morphism ψ : M → N between spacetimes has a
Given such a functor, a net of local algebras may be defined in each spacetime M ∈ Loc by setting A kin (M ; O) to be the image of the map A(ι M ;O ) for each nonempty O ∈ O(M ). As described in [8] , these local algebras obey suitable generalizations of the assumptions in the Araki-Haag-Kastler framework [23] . In particular, they are isotonous: The utility of the deformation result Proposition 2.2 arises because any chain of Cauchy morphisms such as (2) induces, by the timeslice property, an isomorphism
Although such isomorphisms are not canonical, owing to the many choices used in the construction, they often permit the transfer of properties and structures between the instantiations of the theory on M and N . The description just given encodes the algebraic aspects of the theory. To incorporate states as well, we first define a category C * -AlgSts as follows. Objects of C * -AlgSts are pairs (A, S), where A ∈ C * -Alg and S is a state space for A, i.e., a convex subset of the set of all states on A, that is closed under operations induced by A. 5 A morphism in C * -AlgSts between (A, S) and (B, T ) is induced by any C * -Alg-morphism α : A → B such that α * T ⊂ S; as a slight abuse of notation we will often denote the C * -AlgSts-morphism in the same way as its underlying C * -Alg morphism. A state space for a locally covariant QFT A : Loc → C * -Alg is an assignment of state space
* -AlgSts for which each X(ψ) has underlying C * -Alg-morphism A(ψ). We say that X obeys the timeslice axiom if X(ψ) is an isomorphism in C * -AlgSts for all Cauchy morphisms ψ : M → N , which means that A(ψ) * S(N ) = S(M ) (of course, A(ψ) is also an isomorphism because A obeys Definition 2.7). In this case X will be described as a locally covariant QFT with states. 5 That is, if ω ∈ S and B ∈ A with ω(B * B) > 0, then the state
is also an element of S.
Main Results
The split property
The split property is defined as follows. 
Remark 3.2. If ω has the split property for (S, T ) then it does for every (S,T ) with
and hence by isotony
Moreover, if
by the same argument. Proof. Let ω M = A(ψ) * ω N and write (H ω⋆ , π ω⋆ , Ω ω⋆ ), where ⋆ = M or N , for the corresponding GNS representations. As A(ψ) is an isomorphism there is a unitary U :
Consequently,
, and as UNU −1 is a type-I factor if and only if N is, the result follows.
We now present our first deformation result on the split property. 
, where ≺ M indicates the preorder with respect to the causal structure of M . Now we may also assume without loss of generality that N is also in standard form
We now construct a metric g using Prop. 2.2, choosing the values t 1 , t 
M ) for a common interpolating metric. Then the state ν * ω N has the split property for each of the pairs (S
For theories with states X = (A, S) : Loc → C * -AlgSts, we may say a little more. First, if the state ω N in the hypotheses of Theorem 3.4 belongs to the state space S(N ), then the induced state obeys ν * ω N ∈ S(M ), as a result of the timeslice property for X and the fact that ν arises from a chain of Cauchy morphisms. Much more follows if each S(M ) consists of mutually locally quasi-equivalent states on A(M ), in which case we describe X as obeying local quasi-equivalence. This condition requires that for every spacetime M , relatively compact O ⊂ M and states ω i ∈ S(M ) (i = 1, 2), the GNS representations (H ω i , π ω i , Ω i ) restrict to quasi-equivalent representations of A kin (M ; O), i.e., there is an isomorphism of von Neumann algebras β :
. 7 An example of a locally quasi-equivalent state space is provided by the Hadamard states on the Weyl algebra of the Klein-Gordon field [35] . We have:
Lemma 3.6. If state ω 1 has the split property for regular Cauchy pair (S, T ) in M and ω 2 is locally quasi-equivalent to ω 1 , then ω 2 also has the split property for (S, T ).
Proof. Let N be the type I factor obeying (6) and let β :
′′ be the isomorphism induced by local quasi-equivalence, obeying
is a type I factor, and clearly obeys π ω 2 
As an immediate consequence (just as was argued for the Klein-Gordon theory in [34] ):
AlgSts is a locally covariant QFT with states obeying local quasi-equivalence. Let M , N ∈ Loc have oriented-diffeomorphic Cauchy surfaces and suppose ω N ∈ S(N ) has the split property for all regular Cauchy pairs in N . Then every state ω M ∈ S(M ) obeys the split property for all regular Cauchy pairs in
M . Consequently, if O i ∈ O(M ) are such that O 1 ⊂ D M (S), D M (T ) ⊂ O 2 ,
for a regular Cauchy pair (S, T ) in M , then there is a split inclusion of the form (8) in the GNS representation induced by any state of S(M ).
Proof. For each regular Cauchy pair (S M , T M ) of M , Theorem 3.4 shows the existence of some state in S(M ) having the split property for (S M , T M ), and hence by Lemma 3.6 and local quasi-equivalence of X, the same is true for all states of S(M ).
Partial Reeh-Schlieder results
As already mentioned, our result on the split property was inspired by Sanders' partial analogue of the Reeh-Schlieder theorem [29] . The original Reeh-Schlieder theorem [28] establishes that the Minkowksi vacuum vector is cyclic for all local algebras, and consequently separating for all local algebras for regions with nonempty causal complement. The results of [29] demonstrate the existence of states with partial Reeh-Schlieder properties: given a spacetime region in M , one may find (suitably regular) states that are cyclic for the corresponding local algebra, on the assumption that M can be deformed to a spacetime that admits a (suitably regular) state enjoying the full Reeh-Schlieder property of being cyclic for all local algebras.
The introduction of regular Cauchy pairs allows for a streamlined proof of Sanders' result, which we give for completeness. More significantly, we combine this proof with that of our result on the split property to demonstrate the existence of states obeying both the split and Reeh-Schlieder properties, which give so-called standard split inclusions [17] .
The properties we will consider are given as follows. Terminology differs from [29] . Note that we regard the separation condition as part of the Reeh-Schlieder property, which turns out to expedite the proofs below. See Corollary 3.13 for a formulation involving only cyclicity as a hypothesis.
if, in the GNS representation (H, π, Ω) of A(M ) induced by ω, the GNS vector
Remark 3.9. If a vector is separating for an algebra, it is separating for any subalgebra thereof; if it is cyclic for an algebra, it is cyclic for any algebra of which it is a subalgebra. Thus it is clear that if ω has the Reeh-Schlieder property for (S, T ) then it does for every (S,T ) with (S,T ) ≺ (S, T ). 
Lemma 3.10. Let A be a locally covariant QFT. Let (S, T ) be a regular Cauchy pair in M ∈ Loc and suppose ψ : M → N is Cauchy. A state ω N on A(N ) is Reeh-Schlieder for a regular Cauchy pair (ψ(S), ψ(T )) if and only if A(ψ) * ω N is Reeh-Schlieder for (S, T ). (As A(ψ) is an isomorphism, this implies that ω M is Reeh-Schlieder for (S, T ) if and only if
Proof. As in the proof of Lemma 3.3, we set ω M = A(ψ) * ω N , and infer the existence of a unitary U :
An analogue of Theorem 3.4 now gives a partial Reeh-Schlieder result. Proof. The first part of the argument is identical to that of Theorem 3.4, except that we replace ≺ by ≻, and 'split' by 'Reeh-Schlieder' on every occasion, and use Lemma 3.10 and Remark 3. For a theory with states X : Loc → C * -AlgSts, we may argue further that the state ν * ω N belongs to S(M ). If one assumes that each S(M ) is a full local-equivalence class then further conclusions on the existence of states that are Reeh-Schlieder for arbitrary globally hyperbolic regions of M may be obtained -see [29] , which also discusses various applications of these results.
We have emphasized that the proofs of Theorems 3.4 and 3.11 run in close analogy. Indeed, they may be combined. Proof. We combine the proofs of Theorems 3.4 and 3.11. The value t * may be chosen so that {t * } × Σ contains regular Cauchy pairs ( * S, * T ) and (S * , T * ) with
while t N > t * may be chosen so that {t N } × Σ contains regular Cauchy pairs (S N , T N ) and
Constructing the interpolating metric as in the proof of Theorem 3.4, the orderings (10) and (11) hold with ≺ M and ≺ N replaced by ≺ I , and we may deduce
Now ω N has the Reeh-Schlieder property for (S N , T N ) and is split for ( N S, N T ) in N , and hence the same is true in I for (A(δ) • A(γ) −1 ) * ω N . By (12) Remark 3.15. This result also extends to the case of finitely many Cauchy pairs in a common Cauchy surface.
Standard split inclusions and applications
In the situation of Theorem 3.14, letS be an open subset of the Cauchy surface containing S and T such thatS ⊂ T \S, whereupon (S, T ) is a regular Cauchy pair lying in a common Cauchy surface with (S, T ). Applying Remark 3.15 the construction of ν may be arranged so that ω = ν * ω N has the Reeh-Schlieder and split properties for both (S, T ) and (S, T ). Writing (H, π, Ω) for the corresponding GNS representation, we define
where U is any of S,S, T . So far, we have R S ⊂ N ⊂ R T and that Ω is cyclic for R S (hence also for N and R T ). Moreover Ω is cyclic for RS, and therefore also for R T ∧ R ′ S (using Einstein causality and causal disjointness of S andS). Accordingly Ω is separating for R S (because it is cyclic for a subalgebra of R ′ S ) as well as R T and its subalgebra R T ∧ R ′ S . In summary, the inclusion R S ⊂ R T is split, and Ω is cyclic and separating for each of R S , R T and R T ∧ R ′ S . In the terminology of [17] , the triple (R S , R T , Ω) is, therefore, a standard split inclusion.
Excluding a trivial situation in which R T = C1 (which can only arise if the GNS space H is one-dimensional) it follows that both R S and R T are properly infinite von Neumann algebras with separable preduals, and the Hilbert space H is infinite-dimensional and separable [17, Prop. 1.6].
10 There is also a unitary W : H → H ⊗ H with the properties
and we may take N to be the 'canonical type I' factor
It is conventional to denote the split inclusion by Λ = (R S , R T , Ω).
As is well-known, various consequences follow from this situation (see, e.g., [23, §V.5] ). We give some representative applications. 
Statistical independence
for
Strictly localized states States of the form Ψ = W −1 ψ ⊗ Ω (ψ ∈ H, ψ = 1) may be regarded as states strictly localized in D M (T ), because
Local implementation of gauge symmetries In locally covariant QFT, the global gauge group of a theory A may be identified with the automorphism group Aut(A), the group of natural isomorphisms of A with itself [18] . Suppose that the state ω N is gauge invariant in the sense that ω N • ζ N = ω N for all ζ ∈ Aut(A), where ζ N is the component of natural transformation ζ in spacetime N .
, by naturality and the definition of ν, so the GNS representation carries a unitary implementation ζ → U(ζ) of the gauge group Aut(A) under which Ω is fixed. Then we may define
which provides a second representation of Aut(A), implemented by unitaries belonging to N ⊂ R T , with
for A ∈ R S , B ′ ∈ R ′ T . In other words, U Λ is a local representation of the gauge group on R S , leaving the commutant of R T fixed. The representation is strongly continuous (with respect to a given topology on Aut(A)) if and only if U is, and this construction produces local generators for the gauge group and thus a local current algebra [16] . In principle this discussion could be developed further to incorporate geometric symmetries of the Cauchy surface (cf. [11] ) by modifying the construction of the interpolating spacetimes to ensure that the isometry is preserved throughout, and starting from an invariant state on N . 1 Suppose T can be approximated from within by subsets S k ⊂ T so that each (S k , S k+1 ) is a regular Cauchy pair, T = k∈N S k and
Hyperfiniteness and type III
(This inner continuity would be expected if, for example, the von Neumann algebras are generated by a system of fields, cf. [10] ; alternatively, it might be imposed as an additivity assumption.) Then because each inclusion R S k ⊂ R S k+1 is split there is an increasing family of type I factors N k so that
and as H is separable, R T is seen to be hyperfinite. If, in addition, the factors appearing in the central decomposition of R T are known to be of type III 1 , as would happen given a suitable scaling limit [1, Thm 16.2.18] (based on [20] ) then R T is isomorphic to the unique hyperfinite III 1 factor [24] (up to a tensor product with the centre of R T ).
Now consider the situation of a theory with states X = (A, S) : Loc → C * -AlgSts obeying local quasi-equivalence, and so that ω N ∈ S(M ). Then the state ω discussed above lies in S(M ) and the GNS representation (H,π,Ω) of any stateω ∈ S(M ) restricts to quasi-equivalent representations of A kin (M ; D M (S)) and A kin (M ; D M (T )). As already mentioned, the corresponding von Neumann algebrasR S ,R T are split, though the GNS vector is not necessarily a standard vector. However, some elements of the discussion above hold true as a result of the quasi-equivalence: for instance, the Hilbert spaceH is separable (cf. the proof of [6, Thm 2.4.26]) andR T contains unitaries implementating the global gauge group onR S , and leavingR
Ultrastatic spacetimes
In this section we comment briefly on sufficient conditions for a locally covariant QFT to admit a state obeying both the split and (full) Reeh-Schlieder properties on the class of connected ultrastatic spacetimes, i.e., those spacetimes N ∈ Loc in standard form
where h is a fixed Riemannian metric on Σ, which is assumed connected. As every connected spacetime M ∈ Loc has Cauchy surfaces orienteddiffeomorphic to those of an ultrastatic spacetime (indeed, by virtue of [27] one may even demand that the metric h is complete), such conditions would enable the results of Section 3 to apply nontrivially to any connected M ∈ Loc.
Let N be connected and ultrastatic, as defined above. Then N admits a one-parameter group of time translations T τ : (t, σ) → (t+τ, σ) and hence automorphisms A(T τ ) of A(M ). Our first assumption is that A(N ) admits a faithful ground state ω N for the time translations A(T τ ). That is, (a) ω N is a time-translationally invariant state, 
holds for any nonempty O ∈ O(N ) (the right-hand side is of course B(H ω N ) in the case that ω N is pure). 13 This condition was established by Borchers in general Wightman theories in Minkowski space [4] and (in suitable representations) for linear fields in stationary spacetimes by Strohmaier [30] .
14 Given this condition, it then holds immediately that Ω is cyclic for every π ω N (A kin (N ; O)) with nonempty O ∈ O(N ) and so satisfies the hypotheses of Corollary 3.13. See, e.g., Borchers' version [5, Thm 1] of the Reeh-Schlieder theorem [28] . It seems reasonable that the timelike tube criterion holds on connected ultrastatic spacetimes for general theories of interest.
For the split property, we assume additionally that Ω ω N obeys a suitable nuclearity criterion. Let O ∈ O(N ) be nonempty and denote R(O) := π ω N (A kin (N ; O) ) ′′ . We say that ω N obeys the nuclearity criterion for O if the maps Ξ β : R(O) → H ω N given for β > 0 by Ξ β (A) = e −βH AΩ ω N , are nuclear. That is, for each β there is a countable 13 E.g., this condition is fulfilled if the A kin (N ; T τ O) (τ ∈ R) generate a dense subspace of A(N ). 14 An alternative proof of the Reeh-Schlieder theorem on ultrastatic spacetimes, based on antilocality of fractional powers of the Laplace operator, is given in [33] . decomposition Ξ β (·) = i ψ i ϕ i (·) for vectors ψ i ∈ H ω N and bounded linear functionals ϕ i on R(O) such that i ψ i ϕ i is finite, whereupon we write Ξ β 1 for the infimum of this sum over all possible decompositions -a quantity called the nuclearity index. Using [1, Prop. 17.1.4] (which is abstracted from [10] ), one easily sees that if (S, T ) is a regular Cauchy pair in N and ω N obeys nuclearity for D N (T ) with the corresponding nuclearity index obeying Ξ β 1 ≤ e (β 0 /β) n for some fixed n > 0, β 0 > 0 and all β ∈ (0, 1), then ω N has the split property for (S, T ) with Ω ω N as a cyclic and separating vector. In the Minkowski space theory, nuclearity conditions of this type are closely related to good thermodynamic properties such as the existence of KMS states [12] , so again there is good reason to believe that they should hold for theories of interest. In ultrastatic spacetimes, nuclearity was established for the Klein-Gordon field in [34] and for Dirac fields in [15] .
In summary, there is good reason to believe that physically well-behaved locally covariant theories should admit states satisfying the Reeh-Schlieder and split properties in connected ultrastatic spacetimes, and hence that the results of Section 3 apply nontrivially to yield states with the split and partial Reeh-Schlieder properties in general connected globally hyperbolic spacetimes.
The question of whether Reeh-Schlieder and split states can be expected in general disconnected ultrastatic spacetimes would seem to require more detailed information concerning A. Our deformation arguments work equally well for disconnected spacetimes, however, and one can certainly find states on disconnected spacetimes that are sufficiently entangled across the various components that they have the Reeh-Schlieder property. For example, suppose ω M has the full Reeh-Schlieder property on a connected spacetime M , and let O ∈ O(M ) have multiple components. Then the restriction of ω M to A(M | O ) has the full Reeh-Schlieder property on this disconnected spacetime. In this situation the 'behind the moon' aspect of the Reeh-Schlieder property is brought into sharp relief: the moon need not even be in the same spacetime component as the experimenter!
